This paper introduces local porosity distributions and local percolation probabilities as welldefined and experimentally observable geometric characteristics of general porous media. Based on these concepts the dielectric response is analyzed using the effective-medium approximation and percolation scaIing theory. The theoretical origin of static and dynamic scaling laws for the dielectric response incIuding Archie's law in the low-porosity limit are elucidated. The zero-frequency real dielectric constant is found to diverge as ε ∝ (1 − φ)
The scientific problem is to find out which properties of the complicated random geometry of the pore space have a significant influence on the electrical and dielectric properties.
[60. 1.1.3] The engineer, on the other hand, is interested in the inverse problem of how to infer geometrical features of the porous medium from its dielectric response. [60.1.1.4] The most prominent examp1e for the technoIogica1 importance of this question arises in the context of well-log interpretation for petroIeum or water exploration. [1] [60.1.2.1] My objective in this paper is to present a simple theoretical framework which allows a systematic study of how the pore-space geometry of an insulating porous material influences the low-frequency dielectric response when the pore space is filled with a conductor. [60. 1.2.2] The approach is based on a novel geometric characterization of porous media via 1ocaI porosity distributions and local perco1ation probabilities which will be defined in Section II. [60. 1.2.3] These geometric quantities are conceptually well defined and experimentally observable. [60. 1.2.4] The dielectric properties will be calculated directly from the geometric characteristics using mean-field theory, scaling theory, and numerical techniques.
[60. 1.2.5] The results are intended to be applicable to the physics of water-or brine-saturated clay-free rocks. [60.1.2.6] Such rocks can have very large re1ative dielectric permittivities, sometimes exceeding those of the constituent materials by a factor of 10 3 or more. [1] [2] [3] [4] [5] [60. 1.2.7] As a second hallmark for the dielectric response of water-saturated rocks, the dielectric response of water-saturated rocks, many investigators report a power-law behavior for the dc conductivity with porosity known as Archie's law. [6] [60.1.2.8] Holwech and Nøst have recently measured the frequency-dependent response of waterfilled sintered glass beads and showed that strong dielectric dispersion and Archie's law can arise as a purely geometrical effect. [8] [60.2.0.9] It will be assumed throughout this paper that electrochemical effects are absent.
[60.2.1.1] Despite numerous efforts, [9] no theoretical framework has been found to date which encompasses both aspects, strong dielectric enhancement and Archie's law, simultaneous1y. [60.2.1.2] Recent theoretical approaches can be divided into two categories: [60.2.1.3] The first class [10] [11] [12] [13] [14] [15] [16] [17] attempts to calculate the dielectric properties starting from highly simplified or indirect geometric models for the pore space. [60.
2.1.4]
The difficulty is that most models are too idealized to be compared even to the simplest experimental model system.
[60.2.1.5] The second category [18] [19] [20] [21] [22] [23] does not attempt to incorporate the pore-space geometry, but concentrates instead on a sometimes sophisticated phenomenological approach.
[60.2.2.1] Geometrical theories fall again into two families: percolation theories [10] [11] [12] and grain mixture models. [13] [14] [15] [16] [60.2.2.2] Percolation theories predict a finite porosity below which the conductivity vanishes. [60.2.2.3] Such models are attractive because they capture to some extent the geometry of a random network of pores, and they give rise to a strong dielectric enhancement near the percolation threshold. [60.2.2.4] However, they have been ruled out by the argument [13] that the pore spaces of realistic systems appear to remain connected down to zero porosity (Archie's law). [ While predicting grain-shapedependent exponents for Archie's law the grain mixture models need to assume the presence of strongly platelike grains to obtain dielectric enhancement.
[page 61, §0] [61.1.0.1] It was pointed out by Wong, Koplik and Tomanic [17] however, that the cementation index in Archie's law is not determined by grain shape. [61. 1.0.2] On the experimental side, it was concluded [5] for the case of White stone that the spheroidal grain model cannot account simultaneously for the observed frequency-dependent conductivity and dielectric constant.
[61.1.1.1] Let me conclude the brief discussion of recent theories with phenomenological approaches which form the second large category. [61.1.1.2] Most approaches [18] [19] [20] [21] are based on the spectral representation of the complex dielectric functions developed by Fuchs [22] and Bergman. [23] [61. 1. 1.3] These theories start from an abstract pole spectrum which can be adjusted to reproduce the features of experimental data. [6] [61. 1.1.4] Unfortunately, the pole spectrum or its properties cannot be related to the pore-space geometry without prior geometric modeling. [61.1.1.5] Therefore, the theory by itself, while separating material and geometric aspects, does not lead to a better understanding of geometric-dieletric correlations in porous media.
[61.1.2.1] To develop a better understanding of geometric-dielectric correlations in porous media, it is first necessary to develop a suitable geometric characterization as a starting point.
[61.1.2.2] Instead of considering the different "sizes" of pores as the fundamental source of randomness in porous media, the present approach suggests to consider the porosity itself as the fundamental source of randomness in porous media, the present approach suggest to consider the porosity itself as the fundamental random variable. [61. 1.2.3] This leads immediately to suggest local porosity distributions and local percolation probabilities as partial geometric characterizations of the complex pore space.
[61. 1.3.1] Based on these new geometric characterizations, the following questions will be discussed in the paper: validity and theoretical origin of static and dynamic scaling laws, including Archie's law, and the universality of scaling indices (Sec. V), geometric mechanisms of dielectric enhancement (Sec. VI), model calculations for the interplay between geometric characteristics and frequency-dependent dielectric response (Sec. VI), and theoretical aspects of how to obtain geometric information from the dielectric response (Sec. VII). [61. 1.3.2] It must be emphasized again that dielectric dispersion in this paper results only from the randomness in the pore-space geometry. [61. 1.3.3] In particular, electrochemical effects, which are important in real rocks, are not considered. [61. 1.3.4] The dielectric response is found to be surprisingly sensitive to the geometrical features encapsuled in local porosity distributions, and it is hoped that the present investigation might be a step towards developing ultimately a "dielectric spectroscopy" of porous media. The local (or cell) porosity φ(R, L) at the lattice position R and length scale L is defined as
II. Geometric Characterization of Porous Media
where χ MC (r; R, L) is the characteristic function of the measurement cell at R having size L, χ PC (r) is the characteristic function of the pore space and the integration extends over the porous medium. Thus µ(φ, R; L) measures the probability density to find the local porosity φ in the range from φ to φ + dφ in a cell of linear dimenios L at the point R.
[62.1.2.6] The assumption of homogeneity implies that
The function µ(φ; L) will be called the local porosity density at scale L. [62.1.2.8] The bulk porosity φ can be thought of as the integral over a large volume or as the average over a statistical ensemble of measurement cells, and thus, assuming "ergodicity", The n-cell local porosity diestribution function µ n (φ 1 , R 1 ; φ 2 , R 2 ; . . . ; φ n , R n ; L) at scale L measures the probability density to find φ 1 in the cell at R 1 , φ 2 in the cell at R 2 etc. [62.1.2.11] The full information about the statistical properties of the porosity distribution at scale L is contained in the local porosity probability functional µ(φ, L) at scale L which is obtained as the limit n → ∞ of µ n .
[62.2. 
The assumption of isotropy implies that the two-cell distribution function depends only on the distance R, i.e.
The porosity autocorrelation function at scale L is defined as 5) and the porosity correlation length ξ is obtained from C(R, L) as
[62.0. 1.10] In the following the "local porosity distribution" is defined as µ(φ) = µ(φ; ξ), the single-cell local porosity density at scale ξ. [62.0. 1.11] Simultaneously with this convention it will be assumed that the local geometries at scale ξ are "simple". [62.0.1.12] This is called the "hypothesis of local simplicity", and it will be made more precise in Sec. IV.
[62.0.1.13] For systems with an underlying lattice symmetry, the length ξ has to be replaced by the lattice constant.
[62.0.2.1] The most important aspect of µ(φ) = µ(φ; ξ) is that it is readily measureable using modern image-processing equipment. [62.0.2.2] In the following a simplified and approximate procedure to observe µ(φ) in homogeneous and isotropic porous media is discussed. The quality of the pore-space visualization should be such that a high-resolution digitization of the image allows each pixel to be assigned unambigouosly to either pore space or matrix. [62.1.0.6] An approximate correlation length might be calculated by noting that lim L→0 φ(R, L) corresponds to the pixel value 0 or 1, according to whether the pixel at position R falls into matrix (0) or pore space (1). [62. 1.0.7] The porosity autocorrelation function C(R, 0) can be calculated from the pixel power spectrum using the WienerKhintchine theorem, and the correlation length ξ is obtained from C(R, 0) using eq. (2.6). [62. 1.0.8] Having determined the correlation length, the photograph is subdivided into cells by placing, e.g., a square grid with squares of length ξ over it.
[62.1.0.9] The cell porosities are then
where φ i (R j ) is the pixel at position R j within cell i. [62.1. 0.10] The resulating probability density is averaged over different ways of placing the measurement lattice, over many choices of the primitive cell, and over alle available photographs of two-dimensional sections to obtain the local porosity density µ(φ).
[62.1.1.1] The result of the measuring procedure described in the preceding paragraph will in general lead to a local porosity distribution of the form 
is expected to result. 
Again, the geometrical information in µ(φ) reduced to one number. [63.1.0.8] The geometrical complexity has gone into the correlations between cells contained only in the full porosity probability functional, but not in the single-cell quantity µ(φ).
[63. 1.0.9] In this sense choosing L ≈ ξ is optimal.
[63.1.1.1] The local porosity distribution µ(φ) is easily calculated for ordered or substitutionally disordered porous media, but very dificult to obtain for topological or continuum disorder. [63.1.1.2] For ordered or substitutionally disordered cases, the measurement is given by the underlying lattice, and ξ is the lattice constant. However, I believe that the general shape of µ(φ) for pore spaces resulting from spinodal decomposition may be similar to the order-parameter distribution of a two-dimensional Lennard-Jones fluid measured in a recent computer experiment. [28] III. Dielectric Response [29] can be employed to write a self-consistency equation for the effective dielectric consant ε(ω) of the medium, which reads
is the local effective dielectric constant, which depends on the constituent materials ε R and ε W and the local geometry G. [64.1.0.2] The integration is performed over the space G of all possible local geometries G, and the probability measure dµ(G) on G represents a complete description of the statistical pore-space geometry.
[64.1.1.1] It was discussed in Section II that a complete geometric description such as dµ(G) is not known, and that in the present paper the local porosity distribution µ(φ) and the local percolation probability λ(φ) will be used as approximate descriptions. [64. 1.1.2] This implies that the local effective dielectric constant ε loc (ω; ε R , ε W ; G) must be replaced simultaneously by an approximate effective local dielectric constant ε(ω; φ). [64.1.1.3] It depends on the local porosity φ as the only geometrical quantity. [64.1.1.4] As a consequence of the basic hypothesis of local simplicity discussed above, ε(ω; φ) can later be approximated by simple geometric models of the pore space. [64.1.1.5] Note that the dependence on ε R and ε W as well as the index "loc" have been suppressed to shorten the notation. [64.1.1.6] With these simplifications one arrives at the simpler equations
[64. The direct problem is to determine ε given λ and µ as geometrical input. [64.1.2.10] The inverse problems are to calculate µ from ε and λ or to find λ given ε and µ.
[64. 1.3.1] Before embarking on the discussion of these problems, some notation and conventions must be established for the subsequent treatment.
IV. Notation and Conventions 
[64. 1.4.6] The relationship between σ and ε is also written as
where the notation u = iω has been used.
[64.1.5.1] The constituent materials are assumed to be rock forming the matrix and water filling the pore space. [64. 1.5.2] Their dielectric constants are
for water, and The following relations for the low-and high-porosity limits are also obvious:
and they are valid for all frequencies ω.
[64.2.2.1] Finally, the local simplicity hypothesis will be cast into mathematical form by requiring that σ C (ω = 0; φ) can be expanded for samll φ as
(4.8) 
is vaild for φ < [64.2.3.1] For the local porosity distribution, it will be assumed that µ 0 = µ 1 = 0 in equation (2.8) and thus µ(φ) = µ(φ). [64.2.3.2] The local percolation probability has to assume the limiting values
The first equation states that there are no conducting geometries with porosity 0, and the second says that there exist no blocking geometries at porosity 1. The percolation transition leads to a divering dc dielectric constant, which is given within the present approximations as
V. Direct Problem
, and as
[65.2.0.6] Note that eqs. (4.9) and (5.2) identify already two possible mechanisms for dielectric enhancement, one from the necessity of a thin-plate effect for local geometries in the high-porosity limit, the secound from the percolation threshold.
[65.2.1.1] In the high-frequency limit (ω → ∞), the results are
where
for the real dielectric constant, and
for real part of the conductivity. 
for the effective dc conductivity σ (0) of the system. 
[65.1.2.1] Equation (5.2) can be treated analogously to the case of ordinary percolation. [30, 31] [65.1.2.2] The effective conductivity σ (0) will be small for p → p c or whenever φ → 0, i.e., in the low-porosity limit. The following three cases for λ(φ)µ(φ) must be distinguished: 
where σ + is defined by 
(5.14)
[66. 
is obtained, where 
−β , with 0 < β < 1, then the superconductivity exponent becomes nonuniversal and has the value
in analogy with eq. (5.13b) for the conductivity exponent t.
[66.1.3.1] The central result of this section is the identification of a percolation transition underlying the random geometry of porous media. [66.2.0.2] The control parameter for the transition is neither the bulk porosity φ nor λ(φ) as suggested in Sec. V.A, but the total fraction of conducting local geometries. [66.2.0.3] Another result is that the underlying transition is expected to become relevant both in the low-porosity limit (φ → 0) and in the high-porosity limit (φ → 1). 
with the scaling function
for |z| 1 and p < p c , and 
for p < p c , and Having found it necessary to introduce two functions to only partially characterize the pore-space geometry, it may be understandable that the present author has strong reservations to accept φ and m as sufficient geometric information to predict σ , as is done in the well-logging literature. [ 
. In such cases,
The surprising result is that the simplest form for m, namely, eq. (5.31a), predicts an exponent in the range from m = 2 for p p c to m = 1 + t ≈ 3 for p ≈ p c . [68.1. 0.5] Nevertheless, the cementation exponent will in general be very different for different compaction processes, and without physical models for such processes even a nonmonotonous behavior of σ (0; φ) is possible. [68.1.0.6] The important result of this section is that it provides a general framework inside which the apparent phenomenological universality and scaling properties of Archie's law might be understood.
[68.1.1.1] A second interesting consequence of this section is that it predicts similar scaling laws for the dielectric constant in the high-porosity limit φ → 1. 
[68.2.0.6] In the low-frequency limit, one obtains for the conducting geometry 
[68.2.0.8] For the blocking geometry, the dc limit gives σ B (0; φ) = 0, in agreement with eq. (4.6), and 
The bulk porosity is then given as
[68.2.2.4] For µ, ν > 1, the β densities are bell shaped, and for µ, ν > 1 they diverge at the limits.
[ fig. 1 . [69.1.1.1] The choices presented in Fig. 1 are arbitrary. [69.1.
1.2]
The reader should bear in mind, however, that µ(φ) is easily measureable and cannot be adjusted to fit experimentally observed dielectric data when comparing the theory with experiment. Fig. 1 and used in 
The rows labeled φ, variance, and skewness contain the mean, variance and skewness for the eight forms of µ(φ). In all cases the distributions were chosen critical in the sense that the weight for the higher-porosity component is C. Local percolation probability
[69.2.1.1] The local percolation probabilities λ(φ) can be measured simultaneously with the local porosity distribution µ(φ). Table  1 .
[69.2.1.2] However, such a measurement is more difficult because it requires the approximate reconstruction of the threedimensional pore space from parallel two-dimensional sections. [69.2.1.3] For this reason geometric modeling of porous media is most important for this quantity.
[69.2.2.1] Three simple models will be compared in the calculations: the uniformly connected model (UCM), the central pore model (CPM), and the grain consolidation model (GCM). 2 (1 − a) is removed from the wall in such a way that the resulting pore space remains disconnected from the pore space connected to the central pore. [70. 1.1.10] This process is repeated for all six faces of the cube. [70.1.1.11] The cubic symmetry is not essential, and a model with different symmetry can be defined similarly.
Uniformly connected models
[70.1.2.1] The result of the process described above is a cubic cell whose porosity can be expressed in terms of the side length a of the central pore and the ratio R = b/a as
[70. 
(6.10)
[70.1.2.6] Thus, in the central pore model,
where a(φ, R) is that root of eq. (6.9), which fulfills 0 ≤ a ≤ 1 for all 0 ≤ φ ≤ 1 and 0 ≤ R ≤ 1. for φ → 0. [70.1.2.9] Thus the general conclusion for the central pore model is that 12) where γ can range between 
Grain consolidation model
[70.1.3.1] The grain consolidation model was proposed as a simple geometrical model for diagenesis. [11] [70.1.3.2] Its main observation is the existence and smallness of the percolation threshold in regular and random bead packings when the bead radii are increased. [70. 1.3.3] In fact, the model has recently been modified such that the critical porosity at which conduction ceases can be arbitrarily small. [12] [70.2.1.1] The most important aspect of λ(φ) is that it determines the control parameter p.
[ Figure  2 The second mechanism is the despersion resulting from p, i.e., from percolation geometry. [71.1.0.3] The third mechanism is the dispersion resulting from the behavior of λ(φ) in the φ → 1 limit, i.e., the thin-plate effect.
[71.1.1.1] The absolute dispersion for all figures is collected in Table 2 .
[71.2.1.1] Before discussing the three mechanisms, it is important to note that the bulk porosity φ does not influence the shape of the response curves if it is changed without changing the shape of µ(φ to the details of µ(φ). [73. 1.1.2] This is a consequence of the fact that for low φ the local dielectric constants ε B and ε C must both approach ε R .
[73.1.2.1] The first mechanism, dispersion from the form of µ(φ), can be studied in pure form when λ(φ) = 1, and the corresponding results are shown in Figure 2. [73. 1.2.2] In this case there are no blocking local geometries; i.e., p = 1 according to eq. (5.7). [73. 1.2.3] If µ(φ) is highly peaked as in curve 2, then the system is only weakly disordered, and there is almost no visible disperion with the amount of disorder contained in µ(φ). [73. 1.2.4] In fact, distributions with power-law divergences at φ → 0 or with percolation structure generate . the strongest dispersion, as can be seen from curves 3 and 5-8 in figure 2. [73. 1.2.5] surprising that when the dielectric response becomes large it is also very sensitive to geometric details. Nevertheless, the dielectric dispersion is much stronger than would be obtained for solutions to the central pore model or FIGURE 5 . Same as Figure 2 for the grain consolidation model with φc = 0.05. grain consolidation model with the same p. [73. 1.3.7] Compare, e.g., curve 5 in figure 3 with curve 5 in figure 5. [73. 1.3.8] Moreover, the dielectric dispersion becomes sensitive to the details µ(φ). [73. 1.3.9] It is now possible to distinguish in figure 3 (b) the distributions 3, 7 and 8, which have ω = 1 from the rest for which ω = 1. [73. 1.3.10] In particular, curves 3 and 5, which had very similar response in figure 2 , appear now very different. [73. 1.3.11] The dispersion is the stronger the more weight µ(φ) has at high φ. [73. 1.3.12] This can be seen from curve 3, which shows less dispersion than curves 4 and 5, while the opposite was true for figure 2. [ There is essentially no dispersion from thin-plate mechanism in these cases because in both cases λ(φ) ≈ 1 for φ > 0.5, and thus there are no local geometrics with a high dielectric constant. figure  5 has dropped below the percolation threshold, and thus the conductivity increases as ω 2 for small ω.
[73.2.2.1] The complexity and variability of ε(ω) obtained from the simple mean-field solutions of this section correspond to the complexity and variability of possible pore-space geometries. [ (Fig. 4 (Fig. 4) 1 Figure 4 ) and for the grain consolidation model (GCM, displayed in Figure 5 ). Note that p = 1 for all cases in Figure 1 and p = 
i (x, y) = 0,
i (x, y) = [74.2.0.14] These brief remarks about the inverse problem are intended to outline the general characteristics of the problem.
[74.2.0.15] A more detailed discussion must await the availability of experimentally observed local porosity distibutions. [27] VIII. Conclusion [27] must answer the question whether they are suitable geometric characteristics for distinguishing different cases of porous media or not.
